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Density Matrix Embedding theory (DMET): A brief presentation

Iterative method for computing approximations of some entries of the ground-state
one-particle reduced density matrix (1-RDM) γ of a system .

Fragmentation: Partition the sytem into Nf non-overlapping fragments {x} of size ℓx
on the basis of physical arguments

H = Hfrag,1 ⊕ · · · ⊕ Hfrag,Nf , dim(Hfrag,x ) = ℓx ,

Nf∑
x=1

ℓx = L.

High-level iteration: From γ, for each fragment x , construct impurity subspace
Hγ

imp,x , with 1 ≤ dim(Hγ
imp,x) = (ℓx + mx) ≪ L s.t

Hfrag,x ⊂ Hγ
imp,x ⊂ H

Hγ
imp,x = Hfrag,x ⊕Hγ

bath,x , dim(Hγ
bath,x ) = mx .

with the bath subspace Hγ
bath,x :

H = Hγ
imp ⊕Hγ

imp
⊥
.

with full-disentanglement between Hγ
imp and Hγ

imp
⊥ = Hγ

env
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The adventure starts when extending DMET...

Figure: Impurity construction, (see Alfred
Kirsch PhD manuscript).

Global description (1-RDM) γ

→Conventional DMET:

ΓSlater := {γ ∈ S(H) | γ2 = γ, Tr(γ) = N},

(Slater-type
1-RDM of rank-N orthogonal projector)

→Extended DMET:

ΓMS := {γ ∈ S(H) | 0 ⪯ γ ⪯ 1, Tr(γ) = N}

(N-representable mixed-state 1-RDMs)

How to adapt bath construction?

1-RDM in the “physical basis”, L, ℓ, M = L− ℓ

γ =

(
γfrag γfrag,ext

γext,frag γext

)
, γfrag ∈ Rℓ×ℓ

sym, γext ∈ RM×M
sym , γfrag,ext =∈ RM×ℓ.
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Bath Construction → Find a basis set and 1 ≤ m ≤ M − ℓ ∈ N s.t:

γ =

(
γimp γimp,env

γenv,imp γenv

)
, γimp ∈ Rℓimp×ℓimp

sym , γenv ∈ R(L−ℓimp)×(L−ℓimp)
sym ,

γimp,env ∈ R(L−ℓimp)×ℓimp , γimp,env = γT
env,imp , ∥γimp,env∥2 “small”.

Ĥ =
∑L

µ,ν=1 hµν â
†
µâν +

1

2

∑L
κλµν=1 Vκ,λ,µ,ν â

†
κ
â
†
λ
âν âµ

L = 8

ℓ
1 = 2 ℓ

2 = 3 ℓ
3 = 3

System Hamiltonian

Choice of fragmentation

Definition of impurity subspace (x = 1)

fragment ℓx bath ℓ
x
b environment

(Nf = 3)

︸ ︷︷ ︸
impurity ℓximp

Full disentanglement criteria

Πγ
clus ∈ argmin

Π∈Gr(ℓ+m,RL)
Π Πfrag=Πfrag

J γ(Π),

J γ(Π) := ∥ΠγΠ⊥∥2, Π⊥ = IL − Π.

Π =

(
Iℓ 0
0 P

)
, P ∈ Gr(m,RM).
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From DMET... to a general optimization problem

In the DMET framework, the cost function reduces to

J γ(Π) = 2(Tr(BP)−
1
2
Tr(APAP)) + ∥γext,frag∥2,

A := γext, B :=
1
2

(
γ2
ext − γext,fragγfrag,ext

)

The considered Problem
A,B ∈ RM×M

sym , A ⪰ 0,
min
P∈M

J(P), (1)

with
M := Gr(m,RM) :=

{
P ∈ RM×M

sym | P2 = P, Tr(P) = m
}
,

and

J :=

{
RM×M

sym → R
P 7→ Tr(BP)− 1

2Tr(APAP) = Tr(BP)− 1
2∥A

1
2 PA

1
2 ∥2 (2)
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One manifold problem, but three strategies

▶ A direct minimization using Riemannian optimization theory and
tools

▶ A strategy inherited from chemistry : Roothan method

▶ What about convexity?
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Toolbox for the Riemannian optmization

The tangent space → TPM = {X ∈ RM×M
sym : XP + PX = X}

The projection on T PM → ΠTPM(X ) = [[X ,P],P], for all P ∈ M, X ∈ RM×M
sym

G(Pk )

ΠTPk
M
(
G(Pk )

)TPk
M

P

Pk+1 = RPk

(
Pk − ηΠTPk

M(G(Pk ))
)

M

G(P) := ∇J(P) = B − APA,

gradMJ(P) :=ΠTPM(∇J(P))

Optimality conditions

▶ First order: P⋆ critical point iff [G(P⋆),P⋆] = 0,
▶ Second order: P⋆ critical point, then P⋆ local minimzer of J if

∀X = U

(
0 Xov

Xvo 0

)
UT ∈ TP⋆M, ⟨X ,HessMJ(P⋆)[X ]⟩ ≥ 0,
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Self-Consistent strategy

Theorem - Aufbau Principle
Let A ∈ RM×M

sym be a A ⪰ 0, B ∈ RM×M
sym , and P⋆ a global minimizer of (1) for J.

Then, there exists an orthogonal basis (xk )1≤k≤M of RM diagonalizing both P⋆ and
G(P⋆) such that

P⋆ =
m∑

k=1

xkx
T
k , G(P⋆) =

M∑
k=1

λkxkx
T
k , xTk xl = δkl , λ1 ≤ λ2 ≤ · · · ≤ λM .

In addition, if A is invertible, then

λm < λm+1 and P⋆ = 1(−∞,µ](G(P⋆)) for any µ ∈ [λm, λm+1).

Nice properties for Roothan

1. Denoting by Pk := PRth
k , (J(Pk ))k∈N is non-increasing and converges to a

critical value of J on M. Any accumulation point P⋆ of the sequence (Pk )k∈N is
a critical point of J on M satisfying the Aufbau principle

2. Under the additional assumption that the matrix A is invertible, the whole
sequence (Pk )k∈N converges to a a critical point of J on M satisfying the Aufbau
principle.
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Convexification

Lemma - Convex Cost Function
Let J̃ : RM×M

sym → R be the quadratic function defined by

J̃(D) := Tr(CD) +
1
4
∥[A,D]∥2 with C := B −

1
2
A2.

Then, for all P ∈ M, J̃(P) = J(P).

−→ J and J̃ have the same critical points on M.

But now... J̃ is CONVEX!

−→ Consider the relaxed problem of minimizing J̃ over the convex hull of M

K := CH(M) = {D ∈ RM×M
sym | 0 ⪯ D ⪯ IM , Tr(D) = m}.
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Theorem - Convexified problem
Let A ∈ RM×M

sym , A ⪰ 0, and C ∈ RM×M
sym . The set D⋆ ⊂ K of (global) minimizers of

the convex optimization problem

Ĩ = min
D∈K

J̃(D) (3)

is non-empty, compact, convex subset.

1. RM×M
sym ∋ D 7→ ∇J̃(D) = C − 1

2 [[A,D],A] ∈ RM×M
sym takes a constant value H⋆ on

D⋆.

2. Let µ1 ≤ · · · ≤ µM be the eigenvalues of H⋆. Define

D̃⋆ :=
{
D ∈ K | 1(−∞,µm)(H⋆) ⪯ D ⪯ 1(−∞,µm ](H⋆)

}
.

Then D⋆ ⊂ D̃⋆, and

∀D⋆ ∈ D⋆, ∀D̃⋆ ∈ D̃⋆, D̃⋆ ∈ D⋆ ⇔ [A,D⋆−D̃⋆] = 0 ⇒ Ran(D∗−D̃∗) ⊂ V,

where V ⊂ RM the largest A-invariant vector subspace of Ker(H⋆ − µm)

3. If µm < µm+1, then P⋆ := 1(−∞,µm ](H⋆) is the unique minimizer of (3), AND
the unique global minimizer of the original problem (1)–(2).
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Special cases (1) - [A,B] = 0

Proposition - A,B commute
Let A0,B0 ∈ RM×M

sym with A0 ⪰ 0 and [A0,B0] = 0, C0 := B0 − 1
2A

2
0.

▶ Let c0
1 ≤ c0

2 ≤ · · · ≤ c0
M be the eigenvalues of C0.

The minimizers of (1)–(2) are given by

P⋆ = 1(−∞,c0m)(C0) + ∆, Tr(P⋆) = m, ∆2 = ∆ = ∆∗,

Ran(∆) ⊂ Ker
(
C0 − c0

m

)
, [A0,∆] = 0.

If c0
m < c0

m+1, P0 = P⋆ := 1(−∞,c0m ](C0) is the unique minimizer of (1)–(2) and
the matrices A0, B0, C0, and P⋆ pairwise commute.

▶ Using perturbation theory for [A,B] “small”.
If c0

m < c0
m+1, there exists ϵ0 > 0 such that for all ϵ ∈ (−ϵ0, ϵ0)

I ϵ := min
P∈M

Jϵ(P) with Jϵ(P) := Tr(BϵP)−
1
2
Tr(AϵPAϵP).

has a unique global minimizer Pϵ, and the function (−ϵ0, ϵ0) ∋ ϵ 7→ Pϵ ∈ RM×M
sym

is real-analytic.

GAMM 2026 — University of Stuttgart 11/19



Special cases (2): toy Model 2 for M = 3 and m = 1

A =

a1 0 0
0 a2 0
0 0 a3

 , C =

 β −α
2 (a2 − a1)2 0

−α
2 (a2 − a1)2 β −α

2 (a3 − a2)2

0 −α
2 (a3 − a2)2 β

 ,

with 0 ≤ a1 < a2 < a3, α > 0, β ∈ R. D ∈ R3×3
sym such that Tr(D) = 1,

J̃(D) = β + 2(a2 − a1)
2(D12 − α)2 + 2(a3 − a2)

2(D23 − α)2 + 2(a3 − a1)
2D2

13

− 2α2((a2 − a1)
2 + (a3 − a2)

2).

Thus

D⋆ := argmin
D∈R3×3

sym
Tr(D)=1

J̃(D) =

D =

n1 α 0
α n2 α
0 α n3

 , n1, n2, n3 ∈ R, n1 + n2 + n3 = 1

 .

For any D ∈ D⋆, [D2]13 = α2 > 0 = D13, thus D⋆ ∩M = ∅, BUT for α > 0 small
enough 1/3 α 0

α 1/3 α
0 α 1/3

 ∈ D⋆ ∩ K, H⋆ = βI3

→ For α > 0 small enough, the set of minimizers of J on K does
not contain any point of M.
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Special cases (2): toy Model 2 for M = 3 and m = 1

Taking now a1 = 1, a2 = 2, a3 = 3, β = 0, α = 1/2,

D⋆ ∩ K = ∅.

The matrix H⋆ and the set of minimizers of J̃ on K are given by

H⋆ =

 0 −1/9 1/9
−1/9 0 −1/9
1/9 −1/9 0

 and argmin
D∈K

J̃(D) =


 2/9 5/18 1/18

5/18 5/9 5/18
1/18 5/18 2/9

 .

The eigenvalues of H⋆ are µ1 = µ2 = −1/9, µ3 = 2/9.

→ In agreement with the theoretical results, there is no gap
between the first and second eigenvalues of H⋆
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Numerical methods

Methods box
Optimization on M for J: Methods for Riemannian optimization (Manopt.jl, Julia)

Pk+1 = RPk

(
Pk − ηΠTPk

M(G(Pk ))
)

Roothan on M for J: The algorithms reads

PRth
k+1 ∈ argmin

P∈M
Tr(G(PRth

k )P) with G(P) = B − APA.

ODA on M for J: Relaxed self consistent method fitting using J

PODA
k+1 ∈ argmin

P∈M
Tr(G(Dk )P), Dk+1 = argmin

D∈[Dk ,P
ODA
k+1 ]

J(D)

ODA on K for J̃: Relaxed self consistent method fitting using J

Pconv
k+1 ∈ argmin

P∈M
Tr(H(Dconv

k )P), Dconv
k+1 = argmin

D∈[Dconv
k

,Pconv
k+1 ]

J̃(D)

(!): ODA and Roothan for J coincide on M.
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Numerical results - Benzene

Methodology for numerical tests on physical systems
Considering a good fragmentation is provided with the system

Step 1: γGS the spin-unpolarized ground-state
1-RDM from CCSD calculation in a basis
set of atomic orbitals using PySCF (Python)
+ Löwdin orthonormalization → Export data

Step 2: The rest of the calculation:
▶ computation from the chosen

fragmentation γGS of the A, B, C matrices of the bath
construction problem for each fragment

▶ numerical solutions of (1)–(2) and (3) by
the different algorithms

is performed by a homemade code in Julia.

Parameters for the Benzene (with imposed symmetry)
▶ basis set: STO-3G minimal orbital basis set
▶ L = 36 orbitals, N = 21
▶ Each fragment contains ℓ = 6 orbitals and are identical, M = 30
▶ ∥γ2

GS − γGS∥ ≃ 0.067, γGS (still weakly-correlated system)
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Numerical results - Benzene, Convex approach vs Manifold approach

Figure: Gap µm+1 − µm and non-idempotency criterion ∥D⋆ − D2
⋆∥ as functions of the bath

dimension m for the benzene molecule.

→ Shows the value of m where there exists a unique global minimizer for J̃
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Numerical results - Benzene, m = 3

Figure: Decay of the cost function J γ for benzene, a bath dimension m = 3, various numerical
algorithms, and the inital guess P0 = 1(−∞,cm)(C). For m = 3, the assumed global minimum
is J γ

min ≃ 0.0094538.
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Numerical results - Benzene, m = 15

(a) Initial guess P0 = 1(−∞,cm ](C). (b) Initial guess P0 = PODA
∞ .

Figure: Decay of the cost function J γ for benzene, a bath dimension m = 15, various
numerical algorithms, and two different initializations. For m = 15, the assumed global
minimum is J γ

min ≃ 2.0815393 × 10−6.
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Conclusion and Perspectives

Conclusions ▶ We derive interesting properties for an optimization problem on
the Grassmann manifold for a quadratic cost function

▶ We propose an extended framework to study such cost functions
by considering different algorithms and using a “convexification”
for the problem

Perspectives ▶ More numerical examples and test to benchmark the methods
and understand specificity of the algorithms depending of the
bath dimensions

▶ Tests on other systems
▶ Incorporate this method in the overall extended DMET
▶ Provide an accessible code (Work in Progress!)

Thanks to my collaborators, and Laura Grazioli, Raehyun Kim and Théo Duez for
their precious help.

If you have more questions: alicia.negre@enpc.fr

Thank you for your attention! :)
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